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Equations for Runge-Kutta
Formulas Through the Eighth Order*

H. A, Luther and J. A. Smithermant¥

The Runge-Kutta expressions considered are to be both the explicit

and the implicit. The notation chosen is as follows:

v
Yntl T In + . Riki ’
i=1
v
(1) kK, =h f(x_+a, h, y + Y b k)
i by 1] ]
j=1
iﬁ

a, = b,,
i j=1 ij

The differential system is of course

dy _ -
(2) Ix f(x,y), y(xo) = ¥g-

Here y is a column matrix of length m, as is f(x,y), so that we are
considering m simultaneous first order ordinary equations in the variable
x, The constant v may be any integer as large, or larger, than m.

The requirement v > m should be considered as pertaining only to
formal presentation. If (1) is to properly approximate an explicit
solution of (2) in the Runge-Kutta sense, for m > 4 we must have v > m.

A more precise description has been given by Butcher [2].

The following tables are based on the exposition of Butcher [1];
the elementary weights such as [¢], [[¢]2], etc., found in the tables,
are those defined by him.

Table One can be used to write down the equations which the ki, Ri’

and bij must satisfy. Each elementary weight is to be equated to the
proper constant as described in [1]. For a specific choice of Ri’ ki’

and bij in (1), and for a remainder of order p+l (a Runge-Kutta formula

of order p) all relations listed through the first p orders must be
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satisfied. Thus to get a third order R-K formula we must satisfy
the restrictions implied by the first-order relation, the second-

order relation, and the two third-order relations, namely

\Y \ \ N
1= R, ; 1/2 = R, a, ; 1/6 = R ;
L R L2= ) Rea s 1/6= § Y Rybyy e
i=1 1 i=1 1M1 1=l i,=1 ‘1 M1tz %2
1 1 1 2
v
1/3= ¥ R a, °.
. 1. 1
11=1 171

The summation convention is of course employed in the table, and
all indices extend from 1 to v. It is observed that these equations
serve to define an implicit formulation, in general. That is, in

applying (1), the ki are defined implicitly.
If we require bij =0 for j > i, then (1) defines each ki

explicitly. Table Two is based on this assumption. TFor this table,
v has been arbitrarily taken as 9. As explained in [2], this choice
gives more parameters than needed for orders one through six. It
gives a minimum number for order seven, and is not sufficient

for order eight. However, the pattern seems clear, and there is

no difficulty in increasing (or decreasing) the value of v for the
orders shown. Certain abbreviations for Table Two are found at

its beginning. The equations listed are for orders one through

seven only.
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TABELE ONE

The Elementary Weights for the Runge-Kutta Formulas
of the First Eight Orders



FIRST ORDER

v
$= 3 R,
i, =1 1
1
SECOND ORDER
[¢] = R, a,
hh
THIRD ORDER
[,¢], =R, b, . a,
272 il i,1,°1,
2
[6°1 = R, a, °
171
FOURTH ORDER
[.¢], =R, b, . b, . a.
373 1l 1,1, 1213 13
2 2
[,4°], =R, b, . a,
2 2 iy 1112 i,
[[¢]1¢] = R. b, . a. a.
1111121112
3. 3
[fb]—Riai

171




FIFTH ORDER

[,6], =R, b, . b, ., b, . a,
4774 i, 1,1, 1213 1314 14

2 2
[,¢°)1, =R. b, ., b, . a,
3773 iy, d515 7,

[.[¢]¢], =R, b, . b, . a, a,
2 2 1l 1112 1213 i, 13

3 3
[,¢°], =R, b, . a,
2 2 i,71,1, 4,

({,90],¢] =R. b, . b, . a, a,
2772 i, 1112 1213 iy 13‘

2 2
f[¢4°]¢] =R, b, , a, a,
L 4 40N
2 2
[[437) =R, (b, ., a, )
11 Rt b2
2 2
[[4]1¢°] =R, b, ., a, “a,
o e s ]

4o 4
[67] = Rilail




10.

SIXTE ORDER

[¢]J_. =R, b, b, . b, .b, . a.
e b I B T AR T

2 2
[,6“], =R, b, . b, , b, ., a,
4 4 i, 1112 1213 1314 i,

(,[¢]1¢), =R, b, . b, ., b, . a, a,
3 3 11 1112 1213 i1, 71571,

3 3
[,7], =R, b, , b, ., a,
3 3 1,741,151, iy

[,0,81,], =
2 —
[2[¢ ]¢]2 =R, b b a, a

2
[(L[$17], =R_ b, ., (b, , a_,)
2 2 1, 1112 i,

2
[,[¢]¢"), =R, b, . b, . a. “a,
2 2 Ipdq3, dyig71, i,

{[,¢],¢] =R_ b, . b, . b, . a, a,
37°3 i, 44, 1213 11,741,741,



11.

12.

13.

14,

15.

16.

17.

18.

19.

20.

2

b

2
[([,¢7],¢] . b, ., b, ,a, a,
2 2 i, 14,1, 1213 i, i,

[C{¢141¢] = Ry b,

(16°18] = : 2 3
1 1 2 l 2
[[,01,061] = R, b,

[[¢][¢]]-Rb by g A, 3,

b I b e

3

[[2¢12¢ ] = R, b, , b, &, “a

[[¢ ]¢ ] = a;, “a
2

[[¢]7¢) =R, a, (b, , a, )

(1616] =R b, . a s

[°] =

1 %5101 1.2 %5 %
1 *1%2 273 1 t2 3

b, L 3 a
i) 41,4, 3 1,4, 1531,



10.

11.

12.

SEVENTH ORDER

[,¢], =R_ b, ,b, . b, ,b, . b, ., a,
676 i 1112 1213 1314 1415 igig i,

2. 2

. b b, . a
11 1112 1213 1314 1415 15
[,{¢]¢], =R, b, . b, . b, . b, a, a,
4 4 i,'4,1, 1213 1314 1415 i, i

[4¢3]4 =Ry by by g bygayg ’
1 iy iyiyigt

[3050],015 = Rilbil

1 bi i b. i b, i ai ai
2 273 13ty 1415 15 15

2 2
[.[$°1¢]., =R, b, b, ., b, . a, a,
3 3 il 1112 1,1, 1314 13 14

2
[(,[¢1°], =R. b, . b, (b, . a.)
3 30 iy, Ty

a,
1

[31616°]; =R, b, . b,
4

, b, i ai
1 112 toty 3ty A3

4 4
[,6'], =R, b, ., b, . a,
3 3 1l 1112 1213 13

(,[.¢},¢], =R. b, _b, .b., . b, . a, a,
2°37°37°2 i, 1,1 1213 i1, 1415 i, 1

1 7172
2 2
(,(,6"),¢], =R_ b, . b, . b, . a, a,
242 2772 1l 1112 1213 1314 i, 14
(,{i¢]lele}, =R, b, . b, . b, , a, a, a.
2 2 il 1112 1213 1314 i, i, 14



13.

14,

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

[2[¢3]¢]2 - Rilbilizb1213312313

[[,¢1,0¢]1, = Rilbilizbizi3biziabi3isaiaais
[2[¢2][¢]]2 = RilbilizbiziBbiziéaiBZaia
[2[2¢]2¢2]2 = Rilb1112b12i3b13i4a122a14
[z[¢2]¢2]2 = Rilbilizbizi3aizzai32

[,41%01, = Rilbilizaiz(bizi3aig)2

[2[¢1¢3]2 = Rilb1112b1213a123313

[2¢5]2 = Rilbilizaizs

[[,61,0) = Rilb1112b1213b131&bi415311315

2
[[,9°]1.¢] =R, b, . b, . b, . a, a,
3 3 1 1112 1213 1314 1l 14

1

[[,[6191,0] =

[1,6°1,0] = R,

R, b,
H

b,
1 411

b

3

. a, a
1213 11 i3

3

2

. b, i b, i ai a. a.
111y 3oty 1334 1y 13 4y



([[,¢].¢]¢] =R, b, ., b, . b, ., a, a, a
27°2 11 1,1, 1213 1314 11 i, i4

26.

27.

28.

29.

30.

31.

32.

33.

34,

35.

36.

2 2
[([[¢"]4]¢] =R, b, . b, , a, a, a,
Lty iyisd iy iy
2 2
[([[¢]171¢] =R, b, ., a, (b, , a, )
o i et B Y R Bt
[([6J6°1¢] =R b . b  a a Za
1 172 273 "1 72 3
[[¢4]¢] = R, bi i 3y 8y 4
1 7172 "1 72
[[,¢].[¢]) =R, b, ,b, .,b, . b, . a, a,
3773 il 1112 1113 i,1, 1415 171,
[[,0°1,161] = Ry b, b, b . a a 2
1 M1t2 f1ta oty 3 Yy
[[[9]1¢](¢]]) =R, b, ., b, . b, . a. a, a,
il 1112 1113 1214 12 13 14
3 3
[[¢”1[¢]] =R, b, . b, .a, "a,
i) 41, 4351, i,
2 2
[[,4],6"] =R, b, b, . b. ., a, "a,
373 i, 1112 1213 i1, i,
2 2 2 2
[[,6"1,9"] =R, b, . b, . a.
2 2 il 1112 1213 i, ig
[[[¢]¢]¢2] = Ri bi i bi i 3 2ai a;
17172 273 71 273




37.

38.

39.

40.

41.

42.

43,

44,

45.

46.

47.

48.

3,2 23
[[¢71¢7) = .. )
11t
[([,¢] 2] = b b b b
2772 i1 TR PNE E PR PE VA P S T
({,¢] [¢ 1] =R, b
2 11 i, 4 3 i, 4 14
2.2 2.2
[[¢7]1°) =R, (b a, 7)
101,12,
[l ¢3 [¢]¢] 1. by
i1 1is 113 1,1, %1%,
2
[[¢ 1i¢l¢] = b
11 11,711,212, %
(101,670 = R; by ;b 2 e,
1 1ip 1pi71y Fig
2.3 3, 2
[[¢7147] =
11 i1,%1, %,
3 3
[[¢17] =R, (b a, )
1,411,
2.2 2 2
[161%%1 = R a, %6, , 2, )

[(¢]6"] =

6
[¢°] =R, a
i

17 172 72

4
i1 1112 1, %1,

6

i

2

3

a

i,

a



10.

11.

12.

EIGHTH ORDER

[.¢], =R, b b, ., b, ., b, . b, . b, . a,
777 il ili2 1213 1314 1415 1516 1617 i

2
i1

2
[,¢"], =R, b b b b. . b a,
6 76 i 3 138, 147011

1 41y 1,

[slel¢]s = R, b

i1

3 3
[¢7]1. =R, b, . b, .b, . b, . a,
5 5 il 1112 1213 i1, 1415 i,

[4[2¢]2¢]4 = Rilb

b, 2

2
[,[47]14], =R b, .b., . b, . a. a,
4 4 il 1112 1213 i1, 1415 i, i

2
(b. iSai )

2
[4[¢] ]4 =R, b i

. b, . b,
1l 1112 1213 1314 14

2
a,
i

2
[4[¢J¢ ), = R, b, 5

{ b. i b, i b, i a,
1 t1t2 o3 13ty Mts Ay

4 4
[,4'], =R, b, , b, . b a,
4 4 il 1112 1213 1314 i,

[3[3¢]3¢]3 =R b, b b

ib; 4P gb b a a
1 t1t2 t2t3 34 4ts tstg 15 1

7

ie

, b b, b, . b, ., a, a,
1112 1213 1314 1,15 1ci, 14 ig

s . b, . b. a. a.
R R IRV R JEE LA RS S L PR P

2
(,[,9°].¢]. =R, b, ,b, . b, .b, . a. a.
3°2 273 il 1112 1213 1314 1415 13 15

Ri b
1

[.[[¢]0]e] ., . b, . b, . b, . a, a,
3 3 i1, 1213 i1, i415 i,4,

2

2y
5




13,

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

3
(1671015 = B, b

[41,01,0611, = R,

2
[3067 11011,

2
(30591,071, = R,

2.2
(306170713 = R; by b,

1

2
[3[¢] ¢]3 = Rilb

3
(5161671, = B, b,

i

5
[,07), = R, b,
3 3 il 111

[,0,81,01, = R,
1

2

[,[,[616],8], =

3

3

b, . b, a, a,
1112 1213 1314 13 i,

b,

b
1

2
a

b, 1 34 .
1*2 12tz 3%, 13 I,

b, ,a, (b, , a, )
1112 1213 13 1314 i,

3
b, , b, ., a, "a
1112 1213 1314 13 i4

by 4.8y ?
2 273 13

b.

b,

R. b
1 7172

by 3.0 4P 35 8y
1 t1t2 t2t3 13ty fo iy

Ry by ;b b . b, . a
1 t1t2 Taty ity i3t5 Iy

i bi i b, . b, 1 ai
112 213 T3ty 14%5 13

2

3

2

2

a

a

i

i

i b, i b, i b, i a, a,
1 M1tz tatg I3ty Y4t o s

iq b, i b, i b, . b, g 34 3y
1 172 'ty 13ty t4ts 4te s

5

5

(b b, b b .a a
1112 1otg A3ty T4t5 tstg 1o A

2

i.P3 105 1Py 3Py 4 85 25 8y
213 T3ty t4ts to t4 35

6




25.

26.

27.

28.

29,

30.

3l.

32.

33.

34.

35.

36.

[21{2¢]2¢]¢]2 =R, b

2 2
[,[[¢"]1¢1¢], =R, b b, . b, . a, a, a,
2 2 1l ili2 1213 1314 12 13 14

2
[,{[¢37)¢), =R, b, ., b, . a_ (b, . a,)
2 2 il 1112 1213 12 1314 14

2

2
[,[{419"14), =R. b, . b, . b, . a, a, “a,
2 2 i, 1112 1213 11,1, i, 1,

4 4
[,[¢°1¢], =R, b, . b, . a, a,
2 2 il 1112 1213 12 13

[,05¢150011, = R, b b,

2
[plp¢ 1,000, = Ry by by 5 b

, b, . a, a,
1 Ly Lpiyisd rigigd, i

{,[[¢1¢)[e¢]], =R, b, . b, . b, . b, . a, a,
2 2 il 1112 1213 1214 1315 i71,

3 3
(,[¢7][¢]1], =R, b b, . b, . a, "a,
2 2 il 1112 1213 1,1, 14 1,

2 2
[,[,¢],¢7], =R, b b, ., b, ., b, ., a, “a,
2°37°3 2 11 1112 1213 1314 1415 i, 15
2 2 2 2
[,[,4"1,6"), =R. b, ,b, ., b, , a, “a,
242 2 2 1l 1112 1213 1314 i, 14
[([616167), =R b, b . b  a ‘a a
1 M1%2 2ty tats f2 13y

TR b. i bi ., b, ,a, a, a.
1 t1t2 Yotz T3ty 45 1y 1g ig

1.4.P3 125 1P 42523
1 11ty 13y 151, iyig dgig 1, 1



37.

38.

39.

40.

41.

42,

43.

44,

45,

46.

47.

48,

3.2,

R, b

2
[,[,9]1,7] . b, . b, b, . b, _ b, . a, a,
22772 2 11 1112 1213 1,1, 1315 1416 15 16

2 2
[,(,41,[¢6°1]1, =R, b, . b, ., b, . b, . a, “a,
272772 2 11 1112 1213 1214 1315 i, 15

2,2 2 2
[,[¢°]1°], =R, b, .b, . b, , a. “a.
2 2 i1 1112 1213 1214 13 i,

(,{,¢]1,[¢)¢)l, =R, b, ., b, . b, . b, , a, a, a,
2 2772 2 il 1112 1213 1214 1315 12 14 15

2
1.41.%.1.P5 4 a

2
[,[¢"1[¢1¢], = R, b a, a, .
2 2 1 1t oty oty 23 Ay

i

3 3
[(,[,9]1,¢7}, =R, b, ., b, ., b, . a, “a,
22772 2 i1 1112 i1, 1,1,71, "1,

2..3 3 2

[,{¢714¢7]1, =R, b b, ., a, “a
2 2 1l ili2 1213 12 13

3 3
[,[¢]17]1, =R, b, ., (b, , a,)
2 2 11 1112 1213 13

2.2 2 2
[,[¢17¢"}, =R, b, ., a, “(b, ., a, )
2 2 i, 1112 i, 1213 1,

4
[,[¢]l¢°}], =R, b, . b, ,a, a
2 2 11 1112 1213 12

6, _ 6
[2¢]2"R b a




49,

50‘

51.

52.

53'

54.

55.

56.

57.

58.

59.

60.

[[.6]50] = R, b , b, a

1122334455616

2
[[,9%1,¢1 = (by i by

11 Ly i3, 141,71, 5 1 ig

[[ [¢1¢] ¢] =R b, b, ;b b ,a a a
1) 41, dpdgriad, i3, g

3

([ 3¢ ] ¢] R, b b
1y 1112 1piy 141,70, %0,

112233445135

[[[¢]¢]¢]"Rb b, 2

1122334134

2
[[ [¢] ] ¢] b. a, (b, . a_)
i1 R I e R e A
2
[[ {¢]¢ 1,¢] = R b, ;b 4 by a,
1,11, 1,147, 4 1 iy 4,
([,8°1,0] = by 4
1 Li 4 3 1 i,
([[,¢],¢1¢] = b
3773 1 l112 o1 3 ig 4 i, 5 1 2 i
(1,62 - 2
2071,41¢6] =R b, b, b, ,oa a a

p iy ipigigi, Ly iy,

(([[¢1¢1a19]}

R, b, . b b, , a, a, a, a,
il 1112 1213 1314 1l 12 13 .1.4




61. [[[°]416] =R, b . b ’

L Aiy ipiy 71, %,%,

62.  [[,$1,[¢]16] =R b, b b b
1) 43y Byiy iyl i, 5 1 4 15

63.  [L16°11e106] = b, a, ‘a,
l1 L1y 1y 3 i, 4 1 i3 1,
2
64, [l ¢]2¢ 1¢] = b a,
1 i, 1, 3 i, 4 1 i, 1,
2 2
65. [[[¢ 3¢ 141 = R b b a
i)71,1, 4,151, %, i,
2
66. ([[¢] ¢]¢] 11,342 (b, . a, )
il R I I R e T
67.  [[[66°1¢) =R b b . a a a
L ity 41, %, %1y
68. [[4°14] = a; 8>
1 Lhi 4,
69. {[ ¢] ‘[4]1] = b b b
4 il 11,444 3 fyi, 1,0 101 %1,

0. [1,6%1,5000) = R b b, b, 2
11213244535

R A A TR LT

72 [y 3 L1611 = R b, b, 3

1,454 3 1,1,°1,%1,




73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

[[[,61,0)[¢]] =

i

1

[[16%1610¢)) = R, by
Lt 2 173 12 4 2 3 4

HORIOIE R, b,

i

1 b b
1211 3 ) 4 4 5 2 3 5

2
b i i bi i

2

b (b ;34 )

1,121

M1 1 0 e Wk Bl 4 4

(1614710411 =

l1 1l 1331 4 i,

([6*1061]

]
=
[l
o

[[,41,4°1 = R b,

[[46%150%1 = &,

1 12 2 3 3 4 1

[(,06161,6%1 = R,

[[,6°1,6°] =

a, a

i i b b i, 1

i i

l 2 2 3 1

[{[,0] ¢]¢ ] =R, b,

[[[4%1634%] =
1

[[[¢] ]¢ ] = R, b

1 172 1

i

b, , b, .
1 1112 1yiy71,1, %) %

i b b
1 1t 2 3 3 4 l

374

b a.
L 44 i213 3 4 101y “ig

b b 2a. 2
1

1, %,

2
a ai
3 %

b a 2a, 3
i

3

a, a,
12 14

1112 1,15%, %5)%,

12

2(b a )2




85.

86.

87.

88.

89.

90.

91.

92.

93.

94,

95.

96.

[(1614%10%] =

(s*16%] =

[[501,0,01,] =

1121324453656

[[54], [¢]]"R b,

(0,871,001, =

[[¢][¢l]'Rb

[[(61611,9],] =

[[[61¢106%17 =

i

1ib11b

b

b,
i, 14,4, 1113 1,1, 1,157,

2
a

b

b
1 1112 i1, 1214 R

111

b

b
1044, 4571,1, %1

2 2
i,

1i ii

i

2

5

a

i

5

'1 1dy pig ipd, igic%i)% %,

1

..b
1%2 1t3 2423

[(6°11,00,1= R, b, 4 b

by
1,71,1,4,1471, 4 1, i

[[6°1(6°1] =R, b,

[[30]1,0¢)¢] =

[0,6°1,(014] =

1

i b

2
1ib11 ai

3

a,

3 2

N

b

b

b,
11 1112 1y8371,1, 01,157, 71,7

i112

b

iib'iaia'ai
173 T2ty Y1 13ty

4

2

a



97. [([e)o)(o]1¢]) = b b a. a
l1 13y 150151, %1,% %,

3 3
98. [[¢71(¢1¢] = R_ D b a
LPRETEPRE UL P S P Y
3
9. [(,81,6°] = b, 2y
1 1,4, 3 14,5 %4,
100, ([,6°1,6°) =R b, b, a Ya
1 M1t ety ty 3
101, [([616]¢°] = R, b, . b 3a a,
1 M1tz otz i 1 13
102, [{¢°]4%) = R, b, , 8 3ai 3
1 i i i
103, [[,0], 2, =R b, b. . b
2 44, 1113 11, 1,108, %1, %
2,
106, [L,81,06%06) =R b, b b a,
14,7, 1.°1,1,%0, %, %1,
22, 2.2
105.  (1e"1%1 =R a, G, , a, D

11 "1t *2

106. ([,61,[6] 2) =R, b by
4 i112 1 3 1)1, 185 1371, 4
107 (16210611 = b, %a; a
11 121 3 14,1, "1y
9 2,
108. [[2¢]2[¢]¢ ] = i i i i i bi i i ai

1121324134




109.

110.

111.

112,

113.

114,

115.

22

[[¢ ][¢}¢ ] = R b b a, “a,
1y dyd, 11570 %y i
[[,6),6°1 =R b b, a ‘a
1 11 2 12 3 i i,
4 2
[[¢ ]¢ ] =R b a, a
i, 4,44 4

[[61%) =R, a, (b, , a )’

1M 4Lt R

2.3 3 2
[[$]17¢]1 =R, a, ~(b a, )
S S Y VA

5
[[616°) =R, b, ;& “a

1717271 ~2

7 7
[6°] = R, a
L1




TABLE TWO

Runge~Kutta Relations
for Explicit Formulas Through Order Seven

The following notation is employed:

itl il
i T = a0 42,5 d; = jg?_ 35 Piin
. iil L3 . iil 4
i Pl i+2,j i = j it2,j




FIRST ORDER

¢ =R, +R,+R,+R, +R.+R. + R, +R, +R, =1

1 2 3 4 5 6 7 8 9

SECOND ORDER

- _1
[¢] = aZR2 + a3R3 + a4R4 + aSR5 + a6R6 + a.IR7 + aSRS + agR9 =3
THIRD ORDER
-1
[2¢]2 clR3 + czR4 + c3R5 + C4R6 + csR7 + c6R8 + c7R9 =3
2 2 2 2 2 2

2 2 2 1
[0°] = a,"R, + a,"Ry + 8, "R, +a "R, + a "R + a,"R, + ag Ry + a "Ry = 3




FOURTH ORDER

c.b +c b54)R + (c,b b + ¢.b

[48]5 = e;b 4R, + (cbgy 1P63 * S2Pes t C3Pgs)Rg

b + c,b

+ (e,b b + c.,b +c b76)R + (clb83 84 3Pgs

1 73 74 3775

+ c4b8 + c b 7)R + (cl 93 + c2b94 + c3b95 + C4b96 + csb97

+ c6b 8)R 24

2 =L
(28713 = d1Ry + dpRy + d3R + 4 Rg + dgR,y + deRg + d;Rg = 13

[[¢]¢] = a,c R, + a,c.,R, + a_c.R_ +a,c,R, +a.c.R, +a_c R+ a,c

R

173 47274 57375 67476 77577 8768 979

3 3 3 3 3 3 3 3 3
[¢7] = a, R2 + a, R3 + a, R4 + ag R5 + ac R6 + a, R7 + ag R8 + ag

R

9

-1
-8

1
4



FIFTH ORDER

R5 + [e,b,.b,, + (clb

[481, = c1P43bsy 1%43b64 53 T Cabsy)bgslRg + legbygbg,

+ (e1bgy + eybg, Ibyg + (eybey + eobe, + eabgodby IRy + [e)b, 4bg,

F (eybggy + egbg,Ibgs + (egbpg F Cobe, + eabe)bge + {eybyg + by

+ c3byg + e dbg IRg + [egb, gbg, + (eybgy + cybg, Ibgg + (c1bgy
+ by, + Cabegdbge + (eybyg F e by, egbyg +c by )by,

1
(e1bgy + eybg, + cabgs + ¢ bge + by dboglRg = 753

2
[3¢7)3 b 4R, + (b..d. +b

43%18, 5391 F bgydp)Rg + (byad) + bg,d, +0

6391 * Pey 6593)Rg

+ (bygd) + bydyt bygdy + byd IR, + (bgad) + bg,dy + bggdy

+ bged, + b d )Ry + (bgad) + bg dy + boody + by d, + by ds
+b..d )R, = =
9836)Rg = 50

[2[¢]¢]2 = a3b43clR4 + (a3b53cl + a4b54c2)R5 + (a3b63cl + a4b64c2

+ a_b 73cl + agb7qcz + a5b75c3 + a6b76c4)R7

sPe5ey)Rg T (agh

+ (a + a,b,,c, + a_b + a,b

3bg3cy t 34bg,cy + agbgscy + agbgee, + asbg )Ry
+ (agbgqe; + a,bg,cy + aghggey + agbgee, + asbg,cs

_ 1
+ agbggeg)Rg = 73




3 1
[2¢ ]2 = elR3 + e2R4 + e3R5 + e4R6 + eSR7 + e6R8 + e7R9 20

[[2¢]2¢]= a,b,.c,R, + a_(b

4P43ciRy + 2g(bgae) + by )Ry + ag(bgye, + bg,cy + b

-+

a (b c, +b,,c.+ b _c

7361 ¥ Byt DygCy + byg bgscy + P

c )Ry + aglbgqae; + bg,cy

+

b..c )R +a(b

g6, T bgs© bgycy * b

931 * PosSy T Pgscy * Pggly
21
+ bgjeg + byge IRy = 55

2
[[4719) = a;jd;R; + a,d R, + ad;R. + a.d,R. + a,d.R, + agd Ry

_ 1
+ agd;Ry = 75

2 2 2 2 2 2 2 1
[ = + + + + + +
[[417] < R3 c, R, +¢5 Ry + ¢, R+ cg R, + co'Rg + ¢y Ry =35

2 2 2 2 2 2
[{¢])e7] = a, clR3 + a, c2R4 + ag c3RS + a C4R6 + a, c5R7+ ag c Ry

[¢] AR +a4R +a4R +a4R +34R +a4R +al‘R +a4R

631 T PesC2 T PesCalRg

373 A 555 6 6 7 77 8 '8 9 79 ~



SIXTH ORDER

[0 = c1b,3bg,bgsRe + {egbyabg bys + L

1%3%64 * (€053

Cobs,)bgsIbygtRy + {egb, abg bas + [e1b 3be ) + (cybgy

€9bs,Ibgglbge + [egbyaby, + (cybgy + by Ibyg + (cybyy

+ eobgy + Cabgodblbg IRy + {eyb gb by + [egbygbe,

(e1bgy + cpbs Ibylbge + [eyb,gbo, + (e1bgq + cybg )by

+ c,b

(eybgg + cobgy + Cabgg)byelbg, + [

104384 + (¢1bs3

63 ¥ SPgs + C3bg5)bge

L
720

+ (clb + (clb73 + c.b

¢abg,)bgs 2°74

+ c.b

P75 + ¢4byg)bg; 1

98/Rg =

2
[,071, = dib,3bg Ry + [dybqby, + (dybgs + dybg, )b IRy

+

[dyb,3bsy + (dybgqy +dybg,)byg + (dibey + dyby,

+

dybe b, IRy + [dyb,sbg, + (d1bgy + dybg )by

+ (dlb63 +d,b, , +db )b86 + (dlb73 + dzb

2764 3765 74

+ dgb,g + dbo)bg IR + [dyb,gbg, + (dybgq + dobg )byg

+ (dybgs + dyby, + dsbeodbg, + (d1byy + dyb,, + dsb,g

+

1
dbydbg, + (dybgy + dybg, + d3bgot dibge + dobg)bgglRg = 35




[5[010], =

+ a,c.b

b + {a.c.b,.b + (a3clb53 48 54)b65]R6

a3¢1b,4b5,Rg 3124364

+ a,c,b

1P53 ¥ 34%5b54) b5 +a,c)b

+ [a,c,b, b + (a3c lb63 4S2P64

3¢1P43P74 + (age

+ a,c,.b

+ a_c.b )b76]R7 + [a,e,b,.b,, + (a3clb53 4S9 54)b85

573765 371743784

+ a,c.b + a.c.b

(age)bgy + aycobg, + age b dbgy +a,c,b

+ (ageibgg + 3,c,by,

+ a,c,b )b87]R8 + [a,c.b, . b,, + (a3clb

a5e3bag + age,bag 3%1P43%94 53

+ a,c,.b

49 54)b95 + a,c.b,, + a.c,b

+ (ageybeg +a e bg, + ageabgodbgg

+ (a,e.b,. +a,c.b_, +a.c.b,_+ a.c

31073 T 3,050, F agegby g + age, by )

bgy + (a58,bgq

1
3,Cobg, + agCgbgg + agc, b + ajecbg )bgglRy = F5G

+ (b_.e. + bsl.ez)R5 + (b

5381 + b, ,e, + b65e3)R

b,38Ry 631 T P64 6

(byye; + byue,) + bogey + boge IR, + (bgge; + bg e, + bgoey

b,.e

86 e, +b,.e, +b + b, e

JRg + (b 2 * Pgseq T bgge, + bgseg

4t bgyes 93%1 * Pgy

1

— —

bggee)Rg = 125




Eolo9) 8], = aje4b, 305, Re + [aegb, by, + agle bgy + cobg )by R,

[a,c1P,3b74 *+ agle bgy + cobg dbyg + agle bey + cybg,

C3bes)b IRy + [age b, gbg, + agle bgy + cyby,dbgs

agle beq + eybg, + egbeodbgy + as(cibyg + ey + cybyg

]R8 + [a,e.b,.b,, + as(clb53 + c.b )b95

c4b76)bg7 4€1P43Pg4 2Py,

+aglegbey * b, + Cabec)bge + agle byy + coby,

b +c.b

+ c.b + ¢, b )b97 + aS(Clb83 + c,bgs 3Pgs

3775 4776

I
+ e bgg + Csbgy)boglRg = 755

2
[[¢710], = agb,4d iR, + (agbgydy + a,bg,d))Ry + (azbgqdy + a,bg,d,

)R6+(ab d, +a,b_,d, + a_b,.d, + a,b d)R7

asbggd, 3Py3dy + ayby,dy + aghb,gdy +aghocd,

+ (agbgqd) + a,bg,dy + agbgody + agbged, + a;bg,d )Ry

+ (a3b93d1 + aéb94d2 + a5b95d3 + 36b96d4 + a7b97d5

_ 1
agbogd¢ IRy = g5

2, 2 2 2 2 2 2
[5001715 = "By aR, + (o) Bgy + ey by IR + (cg g + ¢,7bg, + ca7bggIRg

2 2 2 2 2 2
+ (cl b73 + ¢, b,, + ¢, b.. +¢c b76)R7 + (¢ b83 + ¢, b

74 3775 4 84

1

2 2 2
bgy + €y g, + Cq Dy

2 2 2
+ ¢, by + ¢, by, + Cg b87)R8 + (c

3 785 4 "86 1

2 2 2 1
T e, bgg * €5 bgy e bggdRg = 155



2
[,[616°1, =

[,6%1,

[[46154] =

+

R R LLA

+

4+ c

2
ay ¢yb,qR,

C3b¢s5
(cybgy +
4b76)bg7

(clb63 +

“s 87

+ (33 531 *

)R + (a

5 65 3 3 73 1

c, + a 2

(ag bss 1 ¥ 3, Pgsty

(a3 b93cl + a

2 1

g bgge)Rg = 50

274 375 476

+ a [e.b

[c + (c

1%43P74 1053

)b76]R + ag [c
c b + c.b
]R 4+ a [c

c b + c3b65)b

)b b

g7 + (ebgy +

- L
9~ 144

b6

dbgglR

¢, + a

1 43 64

+c b

2°84

2
a4 54 2

2
4 P74Cy

¢, + a b

5 °85° 3

2

577

+ (clb5

547075

1P43Pgs + (C1bss
3Pe5)Pgg + (cqbyg +

1P43Pg4 + (e1bsg

+ (c b7

+ c,b

+ (¢ b6

3785

)R + (a

2

2
be3cy + 2, bgucy

2
2 5 bysey + ag b )R,

2
ag bggly +

68 7

3

3

+ c b

b

b

3 2774

+ c4b86

74

4 b94“2 +ag bgses + a8 b96 5+ 2

= f1R3 +fR + £fR. +£fR +£f R, +£f R, + f R

9

+c b 4)b

2
a; bgycsiRg

2
Pgs¢5

T30

651Rq

b4

54)Pgs

+ c,b

3775

+ ¢ybg, )by

+ ¢,b

3775



2
[[,071,0] = a,dibqR, + ag(dibyy + dybg IRy + ag(d;bgy + dybg,

[[[ele]e]

[[63]1¢]

+ d3b65)R6 + a7(dlb73 + d2b74 + d3b75 + d4b76)R7 + as(dlb83

+ d2b84 + d3b84 + d3b85 + d4b86 + d5b87)R8 + ag(d

1%93
1

—

+db., +db,._ +db., +d.b +d6b98)R9=72

2794 3795 496 5797

a.a,c.b + as(a

324%1P43% ta,cbg IRy + ag(a

31053 T 8,%,Pg 3¢1%3

4+ a,c,b + a_.c,b

be, 1 3gCabe IR, + a,(azc byg + a,c5b,, + ageqby,g

24264 5°3%65

+ a,c. b + a.c,b + a,c,b

+3ge,BygIRy + ag(aye;bgy + a,cybg, F 3503bgs ¥ 260,Pge

6476

+ a7c5b87)R8 + + ag(a3clb93 + aaczb94 + a5c3b95 + a6c4b96

: I
a,e5bg, + ageebggdRy = 73

a3e1R3 + a4e2R4 + a5e3R5 + a6€4R6 + a7e5R7 + a8e6R8 + age7R9

=1

7%
[[0],[¢1] = cje b R, + (ebgy + cobg JeqgRy + (e by + e by,
+ c3b65)c4R6 + (clb73 + c2b74 + c3b75 + 04b76)c5R7

+ (o bgy + cybg, + eabgg + ¢ bge + cobgylegRy + (c1bgy

+c¢.b,, +c.b +c,b + c_ b + ¢,b )c7R

1
2794 3795 4796 5797 698 9~ 72




2
[[671[¢]] = c;d Ry + c,d R, + cadaRe + ¢, d )R, + cod Ry + cod Ry

1
+c,d.Re = 35

2
[[;01,67] = 2, °1b43R4 + a5 (b53°1 + bg,co)Rs + ag (b63cl +beucy

b.,c. + b

2
+ begcyIR + a, (bygey + bycy + boges + byge IR,

2
ag (bgae; + bg,cy + bggeqy + bgec, + bgico)Ry

2 1
ag (bgzcy + bg,cy + bggeg + bggc, + byseq + bogc )Ry = 35

2.2 2 2 2 2 2 2
([¢71¢7]1 = aj"d Ry + a,"d,R, + a5 dsRy + a.7d R+ a,7dR, + ag d¢Rg

2 2 2 2 2 2 2
[[4]7¢] = a;¢y R3 + a,c, R4 + a5c, R5 + agc, R6 + a;¢g R7 + agc, R8




3 3 3 3 3 3 3
[[¢]¢"] = a, c1R3 + a, c2R4 + ag c3R5 + ag CL.RG + a, csR7 + ag C6R8

5, _ _ 5 5 5 5 5 5 5
[¢]—32R2+a3R3+34R4+a5R5+a6R6+a7R7+a8R8




SEVENTH ORDER

[6816 = ©1P43P54Pg5P76R7 + 1o1b43P5,Pgsbge + [C1D43P5,bs5

+

b IR, + {e.b, b, b b

(cyb,3bgy + ¢ b5y + cobgy beo)b,Tbg,IRg 1P43P54P65P96

+

[e,b,.b_,b._ + (c.b

1°43P54P75 1P43%64 * 1P

53 T €Psy Pg5)byglbgs

+

fe.b,.b_,b,_ + (c. b

1°43%54°85 1P43P64 * €1P

b

53 T P54 Pes)bgs

-+

(cybygbgy + cybgg + ebg, boe

1
+ c,b + c,b 5040

163 * SaPgy * c3bgs gl bgy 1P

98 Rg =

[5¢2]5 =d.b,.b.,b, R, + {d.b,.b_,b,. + [d

1°43P54P65R6 1243P54075 1P43P64 * (41055

+

b, IR, + {d.b,.b_,b.. + [

dybg,)bgslbs iR, 1243054085 ¥ [d1b,304, + (dybgy

+

dybg)beslbge + [dyb,aby, + (dybgy + dyby )b,g + (dybgy

+db, , +d.b

2P64 3 65)b76]b IR, + {d.b, . b_,b,. + [d

87'Rg 1°43P54Pg5 1%43%64

+ (dybgg + dybg Ibyglbge + [dibyaby, + (dybgy + dybg )by

+ (d b, +d)b

g4 + d3PgsIbyglbg, + [d

1%63 * 47 1P43Pg4 + (4P

dybg )bgs +{d by + dybe, + dgbeIbge + (dybyy + dyby,

1
+d,b, . +d,b, )b 7520

3P75 t 4P IRy =

87}b98




[,[416], = a5e b, 3bs,besRe + {a3e b, 3bg,byg + [age) by, 3be,

+ a,c.,b

(a3clb53 42 54)b65]b IR, + {a,c.b, b ,b

7677 371743754785

+a,c,b

+ [aye by abg, + (336 b3 + 240905, )b 1bgg

3°1P43P64 + [ageyb,qb

371743774

+ a,c,b

(age bgy + 3,cbg, )b,  + (a

3¢1P63 T 34%2P64

c,b, b, b, + [a3c

85Cybe)bg Iy, IR + @50 b, 4bg, bog 1P43P64

+ (a.c,b + a,c.b )b6

3¢1P53 ¥ 346205, + lage b, 40, + (a

51Pg 3¢1°43%74 3¢1Ps3

+ (a + a,c.b + a.c.b

ATLEIRATT 3€1Pg3 * 8489Pgs + 35S3Pe5)Py61Pgy

+ [age b, gbg, + (age bgy + a,c)bg Ibgg + (age bgy +3,05bg,

+ ageabe)bgo + (a5ebyy + a e b, + a5csbyg

1
agc,bs6)bg7109g Ry = T450

e.b,. b, R. + [e

(4971, = e1PysbsyRs 1Pusbes T (81Ps3 * €ybg)bgsIRe + [e1byqbgy

+ (eybgy + eybg dbog + (egbgy @by, + egbgdb IRy 4 [egby5bg,

(e bgy + ebg,)bgg + (egbgy + eybg, + e3bgg)bge + (e)byy

+ e b + e b

P74 + e3byg + ebyIbg IRy + [egb,gbg, + (e)D

53 T €P54)Pgs

+ (egbey + by, + egbeo)bge + (e)byg + eyby, + eqbyg

b + e b + e, b

+ (e)b gy T e3bgs + &,bge

4076097 g3t &

1
e5bg7)bgglRy = Fp




c.b,.b.,b,. + [a,c,b,.b,, + a5(c

[50,61,815 = a,c9b,3bg, becRe + {a,cqb, 3bg,byg 1°4°43P64 1°53

ey, )beslby IRy + {a e by by bos + [ e b, 5bg, + agle bgy

+ b Ibeclbge + [a,e1b,4by, + ag(ebgy + cobg,)byg

+ a6(clb b,, + c.b )b76]b IR, + {a,c,b, b, b

63 T %P4 t 305 87' %8 4%1°43P54°95

+ [a,c.b,.b

+ [a,c,b, b, , + as(clb53 + c,b )b6 4%1P43P74

45143064 2P54)Pg51Pg6

ag(e by + cybg)byo + ac(egbgy + eoby, + cgbgdby by,

[a,c1b,3bgy + 85(c bgq + cybg dbgs + agleibyg + by,
egbeedbge + as(cibyg + cybs, + cibyg

1

Ibgg Ry = 7565

c,b76Pg7

4+ a,d. b

agd; b, qb 3d1bg3 + 3,d,b5, )by 1R,

2
[3[¢ ]¢]3 341P,5 + [a,d.b,.b,, + (a

5485 391%43P64

+ (a

4d1Ps53 * a,d,bg )by + (agdibgy + a,dsbe,

r A h
{agd;b,qby,

+ a,d,b.,)b

+ a.d,b )b76]R7 + [a,d,b, . by, + (a3dlb53 439Ps5,

573765 371743784 85

+ a,d b

+a,d,b,, +ad,b 3dlb73 492274

(agd;boy + a,dybe, + agdsbobg, + (a

d + a,d,b

3bys + 2gd, b o)bgyIRg + [agd b, sbg, + (a,yd

as 391%43Pg4 1%s3

+a,d,b,, + a.d,b

+ (agd;bey + a,dobe, + agdsbeg)bgg

a,d,b5,)bgg
(a4d;byy + a,dyb,, + agdgb,g + agd by)by, + (ayd;bgy

1
+a,dybg, + agdbgy + agd boo + aydbg IbgglRy = Fa5




) 2 2 2
{3[¢] ]3 =% b43 54 5 + [cl b43b64 + (cl b53 2 54
2
[e; 43Py
2

YbgsIRe

2 2 2
+ (e bgy + cybgIbyg + (o) b63 ¢y bey

2 2
+ c3begdby IR, + [°1 43°84 1 Pg3 + ¢y bg,lbgg

2 2 2, 2 2
+ ey bgy + ey, Fegbegdbge + (g by + °2 bs,

2 2
+ cq b c, 76)b ]R + [c

2 2 2
€y bgy)bgs + (¢ bgg +cy'b

2 2 2 2
1 P73 T 6y byy t gy e, by
2 2 2 2,

+cybg, ¥ ey bgg to, by + g by,

+ {c

+ (c

1 43 94 1 53

64 * 3 es)b

+ (c )b97 +

2
(c) bgq

= i

dbgglRy = 545

2, 2 2 2
[306]6715 = a37c b, ibg Re + [ag7e b qbg, + (ag e bgy + 4 Cabsy)Pgs5IRg

2 2 2
(ag e bygbyy, + (25 c1b53 3, Cybgy)bys + (a5 e byy
a2eb. +a.c.b, )b IR + [a.%c.b,.b (a.%c.b

4 CPgy t 85 C3bgg)by IR, + {ag c1 43%84 * (83 ¢1P53
2 2 2
¢1bgg + 34 Cpbgy t 25 C3Pgq

a )b86

3, ¢ bs,)bgs * (2
(ay7e by + a42"2"74 +ag%egb) s + 35 <476
{a32c1b43b94
+a,%cpbg, + a5 cgbeoIbgg + (ageybyy + 3, ¢b7,
a5’cqbys + g e bye)bg; + (ag e bgy + 2, eobg,
1

IR 9 420

Ybg,IRg

2 2 2
+ (a3 ¢ bgqy + 8, cobg Ibgg + (agcybey

+ a 2c b

2
5 S3bgs * 8¢ e bge + 7 cg5bgs)bgg




4
[367153 = by Ry + (bggfy + by £0Re + (bgafy + by, £, + b FOR,

+ (b73f1 + b74f2 + b75f3 + b76f4)R7 + (b83f1 + b84f2 + b85f3

+b, £, +b

goT4 T PgrfgIRg + (bgsfy + by

93f1 f2 +b,.£,.+b, £, +b 7f

4 9573 9674 9775

1
bosfe)Rg = 210

[2[3¢]3¢]2 = a_c.b, b.,b,.R + {a_c.,b,.b + (clb
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